We describe analytically and numerically the geometric phase arising from nonlinear frequency conversion and show that such a phase can be made non-reciprocal by momentum-dependent photonic transition. Such nonreciprocity is immune to the shortcomings imposed by dynamic reciprocity in Kerr and Kerr-like devices. We propose a simple and practical implementation, requiring only a single waveguide and one pump, while the geometric phase is controllable by the pump and promises robustness against fabrication errors. Motivated by both fundamental aspects and practical applications, breaking the Lorentz reciprocity in optical systems is of great interest, with optical isolators [1] being an important example. Meanwhile, the growing interest in building optical systems on-chip has stimulated the research on new types of non-reciprocal devices, as traditional Faraday isolators require a strong magnetic field that is difficult to achieve with magneto-optical materials on-chip [2]. Among various effects in non-reciprocal devices, controllable non-reciprocal phase shift promises applications such as building up directionsensitive optical phase modulators. Utilizing the phase degree of freedom of light, while preserving the frequency and power, can facilitate a range of non-reciprocal systems. Additionally, the non-reciprocal phase can enable unidirectional transmission by employing interferometric configurations. The nonreciprocal phase was typically achieved using magneto-optical effects [3] or effective-magnetic-field based interferometers [4].
Motivated by both fundamental aspects and practical applications, breaking the Lorentz reciprocity in optical systems is of great interest, with optical isolators [1] being an important example. Meanwhile, the growing interest in building optical systems on-chip has stimulated the research on new types of non-reciprocal devices, as traditional Faraday isolators require a strong magnetic field that is difficult to achieve with magneto-optical materials on-chip [2] . Among various effects in non-reciprocal devices, controllable non-reciprocal phase shift promises applications such as building up directionsensitive optical phase modulators. Utilizing the phase degree of freedom of light, while preserving the frequency and power, can facilitate a range of non-reciprocal systems. Additionally, the non-reciprocal phase can enable unidirectional transmission by employing interferometric configurations. The nonreciprocal phase was typically achieved using magneto-optical effects [3] or effective-magnetic-field based interferometers [4] .
A particular interesting type of phase is the so-called geometric phase [5] , which arises from the geometric nature of the space a state inhabits [6] . After a cycle of evolution, the state can acquire an additional phase factor that reflects such a geometric property, in addition to the time integral of its instantaneous Hamiltonian (i.e. the dynamic phase). Whereas it was originally introduced in the context of quantum mechanics, the geometric phase has since been observed in a variety of optical systems (see, e.g., [7] [8] [9] ). An advantage of utilizing the geometric phase lies in the robustness against parameter fluctuations [10] . However, it remains an open question whether one can directly relate geometric phase with non-reciprocal applications of light.
Beyond magneto-optical materials, a variety of timedependent and nonlinear systems have been demonstrated to possess non-reciprocal properties (see, e.g., Refs. [4, [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] ). In a time-dependent system, a representative class of nonreciprocity in integrated optics was based on dynamic modulation of waveguides [4, [11] [12] [13] [14] , which resulted in effectively linear isolators whose operation did not depend on the strength of the signal. On the other hand, nonlinear effects were extensively investigated as a means to create all-optical isolators and other non-reciprocal devices. However, as was recently found, there exists a shortcoming in Kerr and Kerr-like nonlinear optical isolators [15] [16] [17] [18] due to the so-called dynamic reciprocity [30] . Simply put, dynamic reciprocity occurs in certain nonlinear optical isolators when they are biased with a large forward signal, under which there exists a class of small noise signals in the operation frequency range that are reciprocal [30] . Therefore, the application of such isolators appears to be fundamentally limited. Nevertheless, within the family of nonlinear isolators, there also exist various working principles that do not suffer from the dynamic reciprocity. One example is the non-reciprocity in Stimulated Brillouin Scattering systems [19] [20] [21] [22] [23] , as was pointed out in Ref. [30] . Alternatively, nonlinear frequency conversion (see, e.g. Refs. [25] [26] [27] [28] [29] ) constitutes another important dynamic-reciprocity-free approach, where Lorentz reciprocity is broken by an optical pump wave that converts one frequency to another. Such systems are not influenced by the limitations imposed by dynamic reciprocity, provided that the pump amplitude is non-depleted and thus quasi-static, hence the interactions of the small waves become linear-like.
In nonlinear frequency conversion with non-depleted pump, two-level system analogy has been investigated [25, [31] [32] [33] . For such processes, as noticed and utilized in quantum computation [34] , the geometric phase does exist. In this Letter, we introduce a non-reciprocal manifestation of the geometric phase in nonlinear frequency conversion. We show that by engineering the photonic band structure of the waveguide, the phase can be directly connected to the directional condition of photonic transition and hence made non-reciprocal.
In non-reciprocal manifestations of nonlinear frequency conversion, one typically considers two cases of the signal wave propagating in the same (forward) direction as the pump or in the opposite (backward) direction, see a sketch in Fig. 1(a) . In a waveguide geometry, the backward case is usually mismatched, such that signal propagates essentially in the linear regime. Then, we analyze in detail the effect of nonlinear interactions on the signal phase accumulation in the forward direction, considering the regime of sum-frequency-generation (SFG) mediated by quadratic nonlinearity. We denote ω 1 , ω 2 and ω 3 = ω 1 + ω 2 as the frequency of pump, signal and sum-frequency waves, respectively. In the slowly varying envelope approximation, we can write the electric field of each wave as E n (r, t) = A n (z)Ê(x, y) exp [i (β n z − ω n t)] + c.c. for n = 1, 2, 3, where A n (z) is the slowly varying envelope and β n is the propagation constant of each wave. If we assume that the pump is not depleted throughout the whole process, the dynamics of
can be written in terms of two differential equations [35] 
where |ψ
. Note that the cross-coupling between the two dimensions is controlled by the pump amplitude. The geometric phase is known to exist for a model system in the form of Eq. (2), which is essentially the Pancharatnam-Berry phase [36] , initially defined in the context of polarization optics. Unlike the Aharonov-Anandan phase [6] , the Pancharatnam-Berry phase can be defined for non-cyclic evolutions (i.e. also valid if the state is not yet back to its original). The geometric phase can be obtained by removing the dynamic phase from the total phase accumulated. For an initial state |ψ(0) = [1, 0] T , it can be demonstrated that the dynamic phase acquired by |ψ is φ d = ∆βz/2. Hence the geometric phase is found as
which is exactly the total phase of a 2 . Thus the phase of a 2 is a pure geometric phase of |ψ . We use an analytical solution [35] of Eq. (2) to find the geometric phase as
where g is a constant defined by g = ∆β 2 + 4 |κ| 2 /2.
For a geometric illustration of the phase γ, we can visualize the state |ψ by a Poincaré sphere, where the geometric phase is exactly half of the solid angle with a surface area covered by the trajectory of the state vector on the sphere [36] . If the state does not trace out a full loop, such a surface area is formed by connecting the starting and ending points of the trajectory by the shortest geodesic arc. In Fig. 1(b) we plot the Poincaré sphere, in which the coordinate of the state vector is given by S j = Tr |ψ ψ |σ j , withσ 0 being the identity matrix andσ j (j = 1, 2, 3) the Pauli matrices. Governed by the Hamiltonian in Eq. (2), |ψ traces out circles on the sphere. In Fig. 1(b) , we plot the trajectories of |ψ for different values of ∆β. We see that in all cases |ψ experiences cyclic evolutions. More specifically, if ∆β = 0, the state walks across the north and south poles of the sphere [i.e. points (0, 0, 1) and (0, 0, −1), respectively], as shown in Fig. 1(b) . Within the first cycle, before |ψ reaches (−1, 0, 0), the solid angle is zero as the shortest geodesic arc is along the same way back as the trajectory. At (−1, 0, 0), the shortest geodesic arc suddenly changes to enclosing a surface area of a hemisphere, thus the solid angle becomes 2π sr. Therefore, the geometric phase experiences jumps of π every time |ψ passes the singularity (−1, 0, 0) [see Fig. 1(c) ]. In a more general context, for non-zero ∆β, as ∆β increases, the plane of its trajectory is tilted to a larger degree until the circle becomes a point when ∆β is very large. Accordingly, the geometric phase |ψ acquired in each cycle drops with an increasing ∆β. When ∆β is much larger than |κ|, the geometric phase is close to zero.
For a closer look on how the phase and amplitude depend on the momentum mismatch, we consider realistic experimental parameters: d eff ∼ 2.5 × 10 −12 m V −1 (which is similar to lithium niobate crystal) and vacuum wavelengths of the pump and signal waves being λ 1 = 1700 nm (ω 1 = 10 15 rad s −1 ) and λ 2 = 1200 nm (ω 2 = 1.57 × 10 15 rad s −1 ), respectively. These two waves will generate a sum-frequency wave at ω 3 = ω 1 + ω 2 = 2.68 × 10 15 rad s −1 (λ 3 = 703.45 nm). We estimate the propagation constants based on the bulk refractive index of lithium niobate, according to the dispersion given in Ref. [37] , and obtain β 2 ≈ 1.13 × 10 7 rad m −1 and β 3 ≈ 1.95 × 10 7 rad m −1 . We also fix the propagation distance z = 50 mm. Then, we calculate the dependence of the amplitude and phase of A 2 on |A 1 | and ∆β, see Fig. 2 . We observe in Fig. 2 (a) that when ∆β is small, the amplitude of the signal will have an approximately periodic dependence on the pump amplitude. The first revival of |A 2 | occurs at the pump amplitude of |A 1 | ≈ 4.0 × 10 6 V m −1 . For an effective mode area S = 1 × 10 −12 m 2 (e.g., a square mode profile of 1 µm size), such amplitude corresponds to a pump power of P 1 = ǫ 0 cn 1 S|A 1 | 2 /2 ≈ 45 mW, which is practically feasible. Importantly, ∆β does not have to be exactly zero for A 2 to exhibit revivals and π phase shifts, and a range of small |∆β| < 10 rad m −1 could be used. Now we establish how one can construct directiondependent ∆β to make the geometric phase non-reciprocal. More specifically, we propose the use of photonic transitions in a nonlinear waveguide with engineered photonic band structure. We give the design of a lithium niobate nanowaveguide [38] as an example. In Fig. 3(a) we sketch the cross-section of the waveguide, with a size of 600 × 400 nm, sitting on top of a silica substrate. We employ the two fundamental modes of horizontally and vertically polarized electro-magnetic waves (represented as h-and v-modes, respectively). Fig. 3(a) plots the photonic bands (i.e. the dependency of the frequency ω on the wavevector β) for these two polarization modes. An inband or inter-band photonic transition can happen when the interacting modes on the photonic band structure satisfy both energy and momentum conservation during nonlinear frequency conversion. In such a waveguide, the photonic band structure in Fig. 3(a) permits an interband transition from a point on the band of v-mode (ω = 1.079 × 10 15 rad s −1 , λ = 1747 nm and β = 6.74 × 10 6 rad m −1 ) to a point of the h-mode (ω = 1.559 × 10 15 rad s −1 , λ = 1209 nm and β = 9.25 × 10 6 rad m −1 ), where the transition is achieved by an h-mode signal. Δβ (rad m -1 ) If the pump is prepared in v-mode to drive the transitions between the signal and the sum-frequency in h-mode, the forward and backward cases in Fig. 1(a) can be represented by the sign of β, with β > 0, for the forward case and β < 0, for the other. As shown in Fig. 3(a) , the transition is only permitted for β > 0 (green solid arrow), where ∆β ≈ 0 is expected, corresponding to the orange trajectory in Fig. 1(b) . Hence a 2 will pick up a π phase shift after one cycle, as denoted by an orange dot in Fig. 1(a) . For the case β < 0, there will be |∆β| ≫ 0, hence no photonic transition is allowed [green dashed arrow in Fig. 3(a) ]. This case corresponds to a fast cyclic evolution of |ψ , localized at the starting point in Fig. 1(b) , thus the solid angle is always zero and hence there will be no observable geometric phase. Note that the second-harmonic-generation (SHG) is prohibited by this photonic band structure, since for the frequency range plotted in Fig. 3(a) the momentum mismatch for SHG is larger than 5 × 10 6 rad m −1 for both h-and v-modes.
In a more general context, in Fig. 3(b) we also plot the dependence of momentum mismatch ∆β on the angular frequencies of h-and v-modes (ω h and ω v , respectively). One can see that the momentum matching condition can be fulfilled by choosing the correct frequency of the interacting waves in the waveguide. Such a dispersion can also be utilized for achieving nonlinear frequency conversion with a certain bandwidth. For example, if one uses a pump polarized in h-mode at ω 1 = ω h = 1.559 × 10 15 rad s −1 [λ 1 = 1209 nm, dashed yellow line in Fig. 3(b) ], then for a signal frequency ω 2 = ω v be-tween 1.072 × 10 15 rad s −1 (1758 nm) and 1.087 × 10 15 rad s −1 (1734 nm) the mismatch is ∆β < 10 rad m −1 , corresponding to a bandwidth of about 24 nm.
Note that the value of the geometric phase can be controlled by the pump amplitude and frequency. For example, in Fig. 3(b) one can implement different trajectories to achieve different values of the geometric phase. Such a property can be utilized in non-reciprocal phase modulators. Moreover, the geometric nature of the phase promises robustness against fabrication errors (i.e. fluctuations of ∆β around zero). For cyclic evolutions, the geometric phase only depends on the solid angle that the trajectory encloses on the Poincaré sphere. Although a fluctuating ∆β changes the trajectory locally, the solid angle remains stable and hence the geometric phase would stay close to π.
On the aspect of experimental realization, the non-reciprocal geometric phase is not unique to χ (2) nonlinearity. In χ (3) medium, for instance, if one uses a four-wave-mixing process with a non-depleted pump and a frequency-degenerate signal, the process is SFG-like and thus two-level-system analogy in Eq. (2) can also be obtained, which was used to achieve quantum gates for computation [34] with a single pump. Furthermore, the non-reciprocal geometric phase is not necessarily implemented by dispersion engineered photonic system. More generally, many other systems with tailorable momentummatching condition may be utilized. For example, in periodically poled lithium niobate waveguides, quasi-phase-matching can be used without requiring different polarizations for the interacting waves. For mode-matching systems such as alldielectric resonance nanostructures [39] , asymmetric modes in nonlinear excitation may be utilized to introduce such nonreciprocity. In this Letter, the non-reciprocity is demonstrated in the form of phase, yet it can be easily converted to nonreciprocal transmission. As an example, a Mach-Zehnder interferometer can transform the π non-reciprocal phase to directional transmission that bypasses the dynamic reciprocity, to construct a nonlinear isolator.
In conclusion, we demonstrate a manifestation of the geometric phase arising from the nonlinear frequency conversion. Unlike electric signal modulated systems, photonic transition is achieved and controlled by light, allowing for the realization of non-reciprocity on all-optical integrated platforms. Meanwhile, our scheme only requires a single pump and thus promises simplicity in implementation. Moreover, our results also demonstrate an important way to overcome the dynamic reciprocity in nonlinear systems. For future work, we can consider improving the bandwidth of the waveguide by engineering its dispersion. Alternatively, it may be interesting to explore the existence of non-reciprocal geometric phases in differencefrequency-generation processes. 
